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a b s t r a c t
An explicit time integration finite element method is proposed to investigate dynamical
analysis of Kirchhoff plates, where the Morley element is used for spatial discretization
and the second-order central scheme for time discretization. Certain error estimates in
the energy norm are achieved. A number of numerical results are included to show
computational performance of the method.
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1. Introduction
As given in [1–3], the dynamical model of a clamped Kirchhoff plate subject to a vertical load f reads{utt −Mαβ,αβ(u) = f (x, t), (x, t) ∈ Ω × (0, T ],
u = ∂nu = 0, (x, t) ∈ ∂Ω × [0, T ],
u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω,
(1.1)
where
Mαβ(u) := (1− ν)Kαβ(u)+ νKµµ(u)δαβ , Kαβ(u) := −∂αβu, 1 ≤ α, β, µ ≤ 2 (1.2)
with ν ∈ (0, 0.5) being Poisson’s ratio and δαβ the usual Kronecker delta.Ω is the occupied region of the plate, n is the unit
outward normal to the boundary ∂Ω, u0(x) and u1(x) are two functions in Ω representing the vertical displacement and
the velocity of the plate at the position x respectively. Here, for ease of exposition, we have normalized the mass density per
unit area ρ and the flexural rigidity D. However, the forthcoming derivation can be extended to the general case after some
straightforward modifications. Throughout this paper, we use Einstein’s summation convention whereby the summation is
implied when a subscript α, β , or µ appears exactly two times.
To date, various numerical methods have been developed for dynamical analysis of Kirchhoff plates. The typical ones
include the method of superposition in the time or frequency-domain and the step-by-step method. The finite quadrature
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method or the method of discrete singular convolution are used to solve the static problems when the region of interestΩ
is regular. We refer to [1,4–8] and the references therein for more details.
On the other hand, finite element methods are suitable and efficient for solving problem (1.1) when the region is
irregular [8]. Since it is a fourth-order problem in space, the conforming elements used must be C1-smooth, leading to
expensive computational cost [9,10]. Based on this observation, an implicit Morley nonconforming element method was
produced in [11] for problem (1.1), greatly alleviating the difficulty from conforming element methods. Themain overheads
of this method arise from numerical solution of an ill-conditioned linear system at each iteration step, with the coefficient
matrix formed by the summation of a mass matrix and a stiffness matrix. In this paper, we plan to solve problem (1.1)
by an explicit time integration Morley nonconforming element method, where the Morley element is used for spatial
discretization and the second-order central scheme for time discretization. Following [11,12] and using certain technical
derivation, we achieve the error estimates for this method in the energy norm under the mesh condition h = C1τ 2, where
C1 is a positive constant, and h and τ stand for the mesh sizes of the method in space and time, respectively. The advantage
of the new method is that it only requires to solve a well-conditioned linear system with a mass matrix as the coefficient
matrix, at each iteration step. We remark that some explicit time integration finite element methods have been used to
solve structural dynamics; we refer to [13] for the early stage development and [14] for recent advances along this line.
A priori error estimates for explicit conforming finite element methods for linear structural dynamics was given in [12].
We end this section by introducing some notations for later uses. Let G be an open bounded domain in R2. For a
nonnegative integerm, we use Hm(G) to denote the usual Sobolev space consisting of all L2(G)-integrable functions whose
weak derivatives with the total order nomore thanm are all L2(G)-integrable. The related norm and semi-norm are denoted
by ‖v‖Hm(G) and |v|Hm(G), respectively [15,16]. Let Hm0 (G) be the closure of the function space C∞0 (Ω) in the norm ‖ · ‖Hm(G).
For a given Banach space B and a real number pwith 1 ≤ p ≤ ∞, define
Lp(0, T ; B) =
{
v(t) ∈ B for a.e. t ∈ (0, T ) and
∫ T
0
‖v(t)‖pBdt <∞
}
equipped with the norm and the semi-norm
‖v‖Lp(0,T ;B) :=
(∫ T
0
‖v(t)‖pBdt
)1/p
, |v|Lp(0,T ;B) :=
(∫ T
0
|v(t)|pBdt
)1/p
.
For a nonnegative integer k, Hk(0, T ; B) is defined similarly [17,18]. We adopt ‘‘. · · ·’’ to denote ‘‘≤ C · · ·’’ with a generic
constant C independent of the corresponding parameters (in particular of the mesh sizes h and τ when used) and the
functions under consideration.
2. The explicit time integration Morley element method
2.1. The variational form for problem (1.1) and some basic identities
We assume the prescribed data used in the Eq. (1.1) satisfy the regularity conditions that f ∈ L2(0, T ; L2(Ω)), u0 ∈ V =
H20 (Ω) and u1 ∈ L2(Ω). Then the variational form of problem (1.1) is to find u := u(t) ∈ L2(0, T ; V )∩H2(0, T ; L2(Ω)) such
that [18]{
(utt , v)+ a(u, v) = (f , v) ∀ v ∈ V ,
u(0) = u0, ut(0) = u1. (2.1)
Here (·, ·) stands for the usual L2(Ω)-inner product and for any open bounded domain G ofΩ ,
aG(v,w) :=
∫
G
Mαβ(v)Kαβ(w)dx ∀v, w ∈ H2(G),
and simply write a(·, ·) for aΩ(·, ·). It is easy to check that the above bilinear form aG(·, ·) is bounded and coercive [9,10].
For all v ∈ H3(G) andw ∈ H2(G), using (1.2) and integration by parts we have
aG(v,w) =
∫
G
Qα(v)∂αwdx−
∫
∂G
[Mnn(v)∂nw +Mnτ(v)∂τw]ds, (2.2)
where
Qα(u) := ∂βMαβ(u), Mnn(v) :=Mαβ(v)nαnβ , Mnτ(v) :=Mαβ(v)nατβ ,
with n and τ denoting the unit normal and tangent vectors to ∂G, respectively, such that (n, τ) forms a right-handed
coordinate system in R2. Here and in what follows, we suppress the dependence of n and τ on G, for simplicity of
presentation.
In addition, the first equation in (1.1) can be reformulated as
utt − ∂αQα(u) = f
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Fig. 1. The Morley element.
or equivalently,
(utt , v)+ (Qα(u), ∂αv) = (f , v) ∀v ∈ H10 (Ω), (2.3)
after an integration by parts.
2.2. The explicit time integration Morley element method
To simplify the presentation,we restrict ourselves to the casewhereΩ is a polygonal region. In the case of curved regions,
the forthcoming study may be developed in some similar but more technical manners.
Let Th be a quasi-uniform triangulation [9,10] ofΩ into open triangles K of size h. Associated with this triangulation we
construct the usual Morley element space as follows (cf. [10] and Fig. 1). For each K ∈ Th with {pi}3i=1 and {mi}3i=1 as its three
vertices and midpoints respectively, the shape function space is chosen as P2(K) equipped with the nodal variables
ΣK = {v(pi), ∂nv(mi), 1 ≤ i ≤ 3}, (2.4)
where Pk(K) denotes the space of all polynomials with the total order no more than k on K . We also use p orm to represent
a vertex or a midpoint of a triangle in Th. Thus the Morley (nonconforming) element space related to V = H20 (Ω) is given
by
VMh (Ω) := {v ∈ L2(Ω); v|K ∈ P2(K) ∀K ∈ T h, v|K (p) = v|K ′(p), ∂nv|K (m) = ∂nv|K ′(m) ∀p,m ∈ ∂K ∩ ∂K ′
∀K , K ′ ∈ Th, v(p) = ∂nv(m) = 0 ∀p,m ∈ ∂Ω}
equipped with the semi-norm
|v|h :=
(∑
K∈Th
|v|2H2(K)
)1/2
∀v ∈ VMh (Ω),
which is actually a norm over VMh (Ω) by the discrete Poincaré–Friedrichs inequality [9]. It is noted that the same symbol
may also be used for piecewise H2-smooth functions related to the triangulation Th.
Thus, the semi-discrete Morley element method for solving problem (1.1) or (2.1) is to find a map uh(t) : [0, T ] −→
VMh (Ω) such that{
(uh,tt , vh)+ ah(uh, vh) = (f , vh) ∀vh ∈ VMh (Ω),
uh(0) = u0h, uh,t(0) = u1h, (2.5)
where
ah(uh, vh) :=
∑
K
aK (uh, vh) ∀uh, vh ∈ VMh (Ω)
and u0h and u1h are two approximate functions of u0 and u1, respectively.
We further use the second-order central difference scheme to discretize the time-derivative term uh,tt in (2.5) to get
the fully discrete method. Let L be a positive integer, τ := T/L be the mesh size of time, tn := nτ , 0 ≤ n ≤ L. And for a
continuous function φ ∈ C0[0, T ], let φn := φ(tn),
Dtφn := φ
n+1 − φn
τ
,
D2t φ
n := φ
n+1 − 2φn + φn−1
τ 2
= Dtφ
n − Dtφn−1
τ
.
Then our explicit time integration Morley element method for (2.1) is to find {Un}Ln=0 ∈ VMh (Ω) such that{
(D2t U
n, vh)+ ah(Un, vh) = (f n, vh) ∀vh ∈ VMh (Ω), n = 1, 2, . . . , L− 1,
U0 = u0h(x), U1 is the approximation of u(τ ) in VMh (Ω). (2.6)
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It is trivial to show ah(·, ·) satisfies the following estimates:
|ah(v,w)| ≤ (1+ ν)|v|h|w|h ∀v,w ∈ VMh (Ω),
ah(v, v) ≥ (1− ν)|v|2h ∀v ∈ VMh (Ω).
(2.7)
3. Error estimates
Our error analysis developed here is based on the technique of elliptic projection [19,20]. Letpih be the usual interpolation
operator from H3(Ω) ∩ H20 (Ω) onto VMh (Ω) uniquely determined by the nodal variables (2.4). By the scaling argument [9,
10], it follows that
‖v − pihv‖L2(Ω) + h2|v − pihv|h . h3|v|H3(Ω) ∀ v ∈ H3(Ω) ∩ H20 (Ω). (3.1)
Then, introduce an elliptic projection operator Ph : H20 (Ω) −→ VMh (Ω) such that for all v ∈ H20 (Ω), Phv is in VMh (Ω) and
governed by
ah(Phv,wh) = ah(v,wh) ∀wh ∈ VMh (Ω). (3.2)
It is easy to prove that Ph satisfies the following estimate.
Lemma 3.1. It holds that
|Phv − v|h . h|v|H3(Ω) ∀ v ∈ H3(Ω) ∩ H20 (Ω). (3.3)
Write
un − Un = (un − Phun)+ (Phun − Un) =: ηn + θn. (3.4)
Then we have
Lemma 3.2. Given the function θn by (3.4). For all vh ∈ VMh (Ω), it holds that
(D2t θ
n, vh)+ ah(θn, vh) = −(D2t ηn, vh)+ (D2t un − untt , vh)+ ah(un, vh)+ (untt , vh)− (f n, vh). (3.5)
Proof. For all vh ∈ VMh (Ω), from (2.6), (3.2) and (3.4) it follows that
(D2t θ
n, vh) = (D2t (Phun − Un), vh)
= −(D2t ηn, vh)+ (D2t un, vh)+ ah(Un, vh)− (f n, vh)
= −(D2t ηn, vh)+ (D2t un, vh)− ah(θn, vh)+ ah(Phun, vh)− (f n, vh)
= −(D2t ηn, vh)+ (D2t un, vh)− ah(θn, vh)+ ah(un, vh)− (f n, vh)
= −(D2t ηn, vh)− ah(θn, vh)+ (D2t un − untt , vh)+ ah(un, vh)+ (untt , vh)− (f n, vh).
Then moving the second term on the right to the left of the above equation gives (3.5) readily. 
Next, we apply Lemma 3.2 to establish the error estimate for the method (2.6), described as follows.
Theorem 3.1. Let u be the solution of problem (1.1) or (2.1). Let {Un}Ln=0 be the solution of the fully discrete scheme (2.6). Assume
that f ∈ L∞(0, T ; L2(Ω)), ft ∈ L2(0, T ; L2(Ω)), u ∈ L∞(0, T ;H3(Ω)), utt ∈ L∞(0, T ; L2(Ω)) ∩ L2(0, T ;H3(Ω)), uttt ∈
L2(0, T ; L2(Ω)), and utttt ∈ L2(0, T ; L2(Ω)). Let τ = C1h2 for some generic constant C1 > 0. Then
max
2≤M≤L
|(U − u)M |h . |(u− U)0|h + |(u− U)1|h + ‖Dt(u− U)0‖L2(Ω) + h[|u|L∞(0,T ;H3(Ω)) + |utt |L2(0,T ;H3(Ω))]
+ h2[‖f ‖L∞(0,T ;L2(Ω)) + ‖ft‖L2(0,T ;L2(Ω)) + ‖utt‖L∞(0,T ;L2(Ω)) + ‖uttt‖L2(0,T ;L2(Ω))] + τ 2‖utttt‖L2(0,T ;L2(Ω)).
Proof. We choose vh = Dtθn + Dtθn−1 in the Eq. (3.5) to get
(D2t θ
n,Dtθn + Dtθn−1)+ ah(θn,Dtθn + Dtθn−1) = −(D2t ηn,Dtθn + Dtθn−1)+ (D2t un − untt ,Dtθn + Dtθn−1)
+ ah(un,Dtθn + Dtθn−1)+ (untt ,Dtθn + Dtθn−1)− (f n,Dtθn + Dtθn−1). (3.6)
Since Dtθn + Dtθn−1 = τ−1(θn+1 − θn−1), by reorganizing terms we can put (3.6) in the form
‖Dtθn‖2L2(Ω) − ‖Dtθn−1‖2L2(Ω) + ah(θn, θn+1)− ah(θn, θn−1) = −τ(D2t ηn,Dtθn + Dtθn−1)
+ τ(D2t un − untt ,Dtθn + Dtθn−1)+ ah(un, θn+1 − θn−1)+ (untt , θn+1 − θn−1)− (f n, θn+1 − θn−1).
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Then for a natural numberM with 3 ≤ M ≤ L, summing the above identity for 1 ≤ n ≤ M − 1 gives
‖DtθM−1‖2L2(Ω) − ‖Dtθ0‖2L2(Ω) + ah(θM−1, θM)− ah(θ1, θ0) =: I1 + I2 + I3, (3.7)
where
I1 := −τ
M−1∑
n=1
(D2t η
n,Dtθn + Dtθn−1),
I2 := τ
M−1∑
n=1
(D2t u
n − untt ,Dtθn + Dtθn−1),
I3 :=
M−1∑
n=1
ah(un, θn+1 − θn−1)+
M−1∑
n=1
(untt , θ
n+1 − θn−1)−
M−1∑
n=1
(f n, θn+1 − θn−1).
We proceed with bounding the above terms as follows. Noting that
D2t η
n = τ−2(ηn+1 − 2ηn + ηn−1) = τ−2
∫ τ
−τ
(τ − |s|) ∂
2η
∂t2
(tn + s)ds,
we use the Cauchy–Schwarz inequality to get
‖D2t ηn‖2L2(Ω) =
∫
Ω
|D2t ηn|2dx
. τ−4
∫
Ω
[∫ τ
−τ
(τ − |s|)2ds
∫ tn+1
tn−1
(
∂2η
∂t2
)2
dt
]
dx
. τ−1
∫ tn+1
tn−1
‖ηtt‖2L2(Ω)dt,
and hence
|I1| . τ
M−1∑
n=1
‖D2t ηn‖L2(Ω)‖Dtθn + Dtθn−1‖L2(Ω)
. τ
(
M−1∑
n=1
‖D2t ηn‖2L2(Ω)
)1/2 (M−1∑
n=0
‖Dtθn‖2L2(Ω)
)1/2
. τ 1/2
(
M−1∑
n=1
∫ tn+1
tn−1
‖ηtt‖2L2(Ω)dt
)1/2 (M−1∑
n=0
‖Dtθn‖2L2(Ω)
)1/2
. τ 1/2‖ηtt‖L2(0,T ;L2(Ω))
(
M−1∑
n=0
‖Dtθn‖2L2(Ω)
)1/2
. (3.8)
Let γn = untt − D2t un. We argue as in the derivation of (3.8) to derive
‖γn‖2L2(Ω) . τ 3
∫ tn+1
tn−1
∥∥∥∥∂4u∂t4
∥∥∥∥2
L2(Ω)
dt,
which with the Cauchy–Schwarz inequality yields
|I2| . τ
M−1∑
n=1
‖γn‖L2(Ω)‖Dtθn + Dtθn−1‖L2(Ω)
. τ
(
M−1∑
n=1
‖γn‖2L2(Ω)
)1/2 (M−1∑
n=0
‖Dtθn‖2L2(Ω)
)1/2
. τ 5/2‖utttt‖L2(0,T ;L2(Ω))
(
M−1∑
n=0
‖Dtθn‖2L2(Ω)
)1/2
. (3.9)
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The bound of I3 is rather involved. By the Abel identity for summation,
M−1∑
n=1
(untt , θ
n+1 − θn−1) =
(
uM−1tt ,
M−1∑
n=1
(θn+1 − θn−1)
)
+
M−2∑
n=1
(
untt − un+1tt ,
n∑
j=1
(θ j+1 − θ j−1)
)
,
M−1∑
n=1
(f n, θn+1 − θn−1) =
(
f M−1,
M−1∑
n=1
(θn+1 − θn−1)
)
+
M−2∑
n=1
(
f n − f n+1,
n∑
j=1
(θ j+1 − θ j−1)
)
,
M−1∑
n=1
ah(un, θn+1 − θn−1) = ah
(
uM−1,
M−1∑
n=1
(θn+1 − θn−1)
)
+
M−2∑
n=1
ah
(
un − un+1,
n∑
j=1
(θ j+1 − θ j−1)
)
.
Therefore, I3 can be reformulated as
I3 =: I31 + I32, (3.10)
where
I31 :=
{(
uM−1tt ,
M−1∑
n=1
(θn+1 − θn−1)
)
−
(
f M−1,
M−1∑
n=1
(θn+1 − θn−1)
)
+ ah
(
uM−1,
M−1∑
n=1
(θn+1 − θn−1)
)}
,
I32 := −
M−2∑
n=1
{(
un+1tt − untt ,
n∑
j=1
(θ j+1 − θ j−1)
)
−
(
f n+1 − f n,
n∑
j=1
(θ j+1 − θ j−1)
)
+ ah
(
un+1 − un,
n∑
j=1
(θ j+1 − θ j−1)
)}
.
Let Ih be the usual piecewise linear interpolation operator. It naturally makes sense for functions in VMh (Ω) since they
are continuous at vertices of triangles in Th. Moreover, for all v ∈ VMh (Ω), Ihv is in H10 (Ω) and admits the estimate
‖v − Ihv‖L2(K) + h‖∇(v − Ihv)‖L2(K) . h2|v|H2(K) ∀ K ∈ Th (3.11)
after the standard scaling argument. Hence, from the identities (2.2) and (2.3) it follows that
I31 =
∑
K∈Th
∫
K
[uM−1tt θ̂ +Mαβ(uM−1)∂αβ θ̂ − f M−1θ̂ ]dx
=
∑
K∈Th
∫
K
[uM−1tt θ̂ +Qα(uM−1)∂α θ̂ − f M−1θ̂ ]dx−
∑
K
∫
∂K
[Mnn(uM−1)∂nθ̂ +Mnτ(uM−1)∂τ θ̂ ]ds
=: II1 + II2 + II3 + II4, (3.12)
where θ̂ :=∑M−1n=1 (θn+1 − θn−1) and
II1 := (uM−1tt , θ̂ − Ihθ̂ ), II2 :=
∫
Ω
Qα(uM−1)∂α (̂θ − Ihθ̂ )dx,
II3 := −
∫
Ω
f M−1(̂θ − Ihθ̂ )dx, II4 := −
∑
K∈Th
∫
∂K
[Mnn(uM−1)∂nθ̂ +Mnτ(uM−1)∂τ θ̂ ]ds.
We derive by the Cauchy–Schwarz inequality and (3.11) that
|II1| ≤ ‖uM−1tt ‖L2(Ω)‖̂θ − Ihθ̂‖L2(Ω) . h2‖uM−1tt ‖L2(Ω) |̂θ |h, (3.13)
|II2| . h|uM−1|H3(Ω) |̂θ |h, |II3| . h2‖f M−1‖L2(Ω) |̂θ |h. (3.14)
On the other hand, by the standard estimates for the Morley element [11],
|II4| . h|uM−1|H3(Ω) |̂θ |h,
and with (3.12)–(3.14) leads to
|I31| . (h2‖uM−1tt ‖L2(Ω) + h|uM−1|H3(Ω) + h2‖f M−1‖L2(Ω))|̂θ |h. (3.15)
Similarly, we can obtain the estimates for I32:
|I32| .
M−2∑
n=1
(h2‖un+1tt − untt‖L2(Ω) + h2‖f n+1 − f n‖L2(Ω) + h|un+1 − un|H3(Ω))|˜θ |h, (3.16)
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where θ˜ :=∑nj=1(θ j+1 − θ j−1). It is easy to show that
‖f n+1 − f n‖L2(Ω) .
∫ tn+1
tn
‖ft(t)‖L2(Ω)dt . τ 1/2
(∫ tn+1
tn
‖ft(t)‖2L2(Ω)dt
)1/2
, (3.17)
‖un+1tt − untt‖L2(Ω) . τ 1/2
(∫ tn+1
tn
‖uttt(t)‖2L2(Ω)dt
)1/2
, (3.18)
|un+1 − un|H3(Ω) . τ 1/2
(∫ tn+1
tn
|ut(t)|2H3(Ω)dt
)1/2
. (3.19)
Substituting (3.17)–(3.19) into (3.16) and using the Cauchy–Schwarz inequality, we find
|I32| .
h2 (M−2∑
n=1
‖un+1tt − untt‖2L2(Ω)
)1/2
+ h2
(
M−2∑
n=1
‖f n+1 − f n‖2L2(Ω)
)1/2
+ h
(
M−2∑
n=1
|un+1 − un|2H3(Ω)
)1/2(M−2∑
n=1
|˜θ |2h
)1/2
.
[
h2
(
τ
M−2∑
n=1
∫ tn+1
tn
‖uttt(t)‖2L2(Ω)dt
)1/2
+ h2
(
τ
M−2∑
n=1
∫ tn+1
tn
‖ft(t)‖2L2(Ω)dt
)1/2
+ h
(
τ
M−2∑
n=1
∫ tn+1
tn
‖uttt(t)‖2L2(Ω)dt
)1/2](M−2∑
n=1
|˜θ |2h
)1/2
. τ 1/2[h2(‖uttt‖L2(0,T ;L2(Ω)) + ‖ft‖L2(0,T ;L2(Ω)))+ h|ut |L2(0,T ;H3(Ω))]
(
M−2∑
n=1
|˜θ |2h
)1/2
. (3.20)
Using the identity
2ah(θM , θM−1) = ah(θM , θM)+ ah(θM−1, θM−1)− ah(θM − θM−1, θM − θM−1),
the ε-inequality, and the usual absorbing technique, it follows from (2.7), (3.7)–(3.10), (3.15) and (3.20) that
‖DtθM−1‖2L2(Ω) + |θM |2h + |θM−1|2h . ‖Dtθ0‖2L2(Ω) + |θ0|2h + |θ1|2h + τ 2|DtθM−1|2h
+ τ
M−1∑
n=1
(|θn|2h + |θn−1|2h + ‖Dtθn−1‖2L2(Ω))+ ‖ηtt‖2L2(0,T ;L2(Ω)) + τ 4‖utttt‖2L2(0,T ;L2(Ω))
+ (h4‖uM−1tt ‖2L2(Ω) + h4‖f M−1‖2L2(Ω) + h2|uM−1|2H3(Ω))
+ (h4‖uttt‖2L2(0,T ;L2(Ω)) + h4‖ft‖2L2(0,T ;L2(Ω)) + h2|ut |2L2(0,T ;H3(Ω))).
By the inverse inequality we have |DtθM−1|h ≤ C2h−2‖DtθM−1‖L2(Ω). Recall the mesh condition τ = C1h2, with C1 chosen
such that CC21C
2
2 ≤ 1/2, where C indicates the generic constant appearing in the above estimate. These results combined
with the absorbing technique and the discrete Gronwall’s Lemma [20, p. 157] imply
‖DtθM−1‖2L2(Ω) + |θM |2h + |θM−1|2h . ‖Dtθ0‖2L2(Ω) + |θ0|2h + |θ1|2h + ‖ηtt‖2L2(0,T ;L2(Ω)) + τ 4‖utttt‖2L2(0,T ;L2(Ω))
+ (h4‖uM−1tt ‖2L2(Ω) + h4‖f M−1‖2L2(Ω) + h2|uM−1|2H3(Ω))
+ (h4‖uttt‖2L2(0,T ;L2(Ω)) + h4‖ft‖2L2(0,T ;L2(Ω)) + h2|ut |2L2(0,T ;H3(Ω))).
In view of Lemma 3.1, the estimate (2.27) in [11] and the operator interpolation theory for Hilbert spaces, we further have
from the above estimate that
max
2≤M≤L
|θM |2h . ‖Dtθ0‖2L2(Ω) + |θ0|2h + |θ1|2h + h2[|u|2L∞(0,T ;H3(Ω)) + |utt |2L2(0,T ;H3(Ω))]
+ h4[‖f ‖2L∞(0,T ;L2(Ω)) + ‖ft‖2L2(0,T ;L2(Ω)) + ‖utt‖2L∞(0,T ;L2(Ω)) + ‖uttt‖2L2(0,T ;L2(Ω))] + τ 4‖utttt‖2L2(0,T ;L2(Ω)). (3.21)
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From (3.1), (3.3) and (3.4), we see that
|θ0|h ≤ |(u− U)0|h + |u0 − Phu0|h . |(u− U)0|h + h|u|L∞(0,T ;H3(Ω)), (3.22)
|θ1|h ≤ |(u− U)1|h + |u1 − Phu1|h . |(u− U)1|h + h|u|L∞(0,T ;H3(Ω)), (3.23)
‖Dtθ0‖L2(Ω) ≤ ‖Dt(u− U)0‖L2(Ω) + ‖Dt(u− Phu)0‖L2(Ω)
≤ ‖Dt(u− U)0‖L2(Ω) + ‖ut − Phut‖L∞(0,T ;L2(Ω))
≤ ‖Dt(u− U)0‖L2(Ω) + ‖ut − pihut‖L∞(0,T ;L2(Ω)) + max
0≤t≤T
‖pihut − Phut‖h
. ‖Dt(u− U)0‖L2(Ω) + h3|ut |L∞(0,T ;H3(Ω)) + max
0≤t≤T
‖ut − pihut‖h + max
0≤t≤T
‖ut − Phut‖h
. ‖Dt(u− U)0‖L2(Ω) + h|ut |L∞(0,T ;H3(Ω)). (3.24)
Similarly,
|ηM |h . |uM − PhuM |h . h|u|L∞(0,T ;H3(Ω)).
This with (3.4) and (3.21)–(3.24) yields
max
2≤M≤L
|(U − u)M |h ≤ max
2≤M≤L
|ηM |h + max
2≤M≤L
|θM |h
. |(u− U)0|h + |(u− U)1|h + ‖Dt(u− U)0‖L2(Ω) + h[|u|L∞(0,T ;H3(Ω)) + |utt |L2(0,T ;H3(Ω))]
+ h2[‖f ‖L∞(0,T ;L2(Ω)) + ‖ft‖L2(0,T ;L2(Ω)) + ‖utt‖L∞(0,T ;L2(Ω)) + ‖uttt‖L2(0,T ;L2(Ω))]
+ τ 2‖utttt‖L2(0,T ;L2(Ω)). 
Weknow from the above theorem that the selection of initial functionsU0 andU1 in VMh (Ω)will affect the approximation
error of the fully discrete scheme (2.6) considerably. If the initial functions u0 and u1 are sufficiently smooth, we may take
U0 = pihu0, U1 = pih(u0 + τu1 + τ 2/2utt(0)), (3.25)
with utt(0) being given by the first equation of (1.1), i.e.,
utt(0) =Mαβ,αβ(u0)+ f (0). (3.26)
We then have by Taylor’s formula for Hilbert spaces that
‖Dt(u− U)0‖L2(Ω) . h3|ut |L∞(0,T ;H3(Ω)) + h3τ |utt |L∞(0,T ;H3(Ω)) + τ 2‖uttt‖L∞(0,T ;L2(Ω)),
|(u− U)0|h . h|u|L∞(0,T ;H3(Ω)),
|(u− U)1|h . h|u|L∞(0,T ;H3(Ω)) + hτ |ut |L∞(0,T ;H3(Ω)) + hτ 2|utt |L∞(0,T ;H3(Ω)).
The combination of the above estimates and Theorem 3.1 leads to the following result immediately.
Corollary 3.1. Let u be the solution of problem (1.1) or (2.1). Let {Un}Ln=0 be the solution of the fully discrete scheme (2.6). Assume
that f ∈ L∞(0, T ; L2(Ω)), ft ∈ L2(0, T ; L2(Ω)), u ∈ L∞(0, T ;H3(Ω)), utt ∈ L∞(0, T ;H3(Ω)), uttt ∈ L∞(0, T ; L2(Ω)), and
utttt ∈ L2(0, T ; L2(Ω)). Let τ = C1h2 for some genetic constant C1 > 0. If the initial functions U0 and U1 are given by the
formulations (3.25)–(3.26), then
max
2≤M≤L
|(U − u)M |h . h[|u|L∞(0,T ;H3(Ω)) + |utt |L∞(0,T ;H3(Ω))] + h2[‖f ‖L∞(0,T ;L2(Ω))
+‖ft‖L2(0,T ;L2(Ω)) + |ut |L∞(0,T ;H3(Ω)) + |utt |L∞(0,T ;H3(Ω)) + ‖uttt‖L2(0,T ;L2(Ω))]
+ τ 2[|utt |L∞(0,T ;H3(Ω)) + ‖uttt‖L∞(0,T ;L2(Ω)) + ‖utttt‖L2(0,T ;L2(Ω))].
Remark 3.1. We can also choose U1 via the second approach in [11], and achieve error estimates by means of Theorem 3.1
and the corresponding estimates in [11]. Since the derivation is quite similar to the one for the above result, we omit the
details.
4. Numerical examples
In this section we provide some numerical results to show the computational performance of the fully discrete scheme
(2.6) for problem (1.1) or (2.1).
LetΩ be a triangular region with vertices (0, 0), (1, 0), and (0, 1), respectively. Choose the exact displacement by
u(x, t) = etx21x22(1− x1 − x2)2,
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Fig. 2. Triangulation of the triangular regionΩ .
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Fig. 3. Relative error at the barycentric point (1/3, 1/3)with mesh refinement.
and take ν = 0.3. After some direct computation, we know the initial conditions and the load force in this case are
u0(x) = u1(x) = x21x22(1− x1 − x2)2,
f (x, t) = et [32(x1 + x2)2 + (8+ x21x22)(1− x1 − x2)2 − 32(x1 + x2)(1− x1 − x2)].
As shown in Fig. 2, we use equal spaced triangulations for our discrete method. The initial functions U0(x) and U1(x) are
given via the formulations (3.25) and (3.26). We consider the numerical results with the terminal time T equal to 1.0.
The problem is solved with a sequence of refined meshes, under the mesh condition τ = 1/10 h2. To show the
convergence behavior of the method, we define
Error = max
2≤M≤N
|UM(Ωc)− uM(Ωc)|
|uM(Ωc)|
to represent the relative error of the finite element solution at the barycentric point Ωc = (1/3, 1/3) of the plate. The
computational results in Fig. 3 show that the numerical solutions perform better with the mesh size decreasing.
Next, we consider the validity of Theorem3.1 or Corollary 3.1 from computational viewpoint. By the interpolation theory,
it suffices to show
max
2≤M≤L
∣∣UM − pihu(tM)∣∣h = O(h+ τ 2).
For this, define
F(h, τ ) = max
2≤M≤L
∣∣UM − pihu(tM)∣∣h , E(h, τ ) = F(h, τ )/(h+ τ 2).
As shown in Table 1, we have computed E(h, τ ) for different h, from which we may find it is bounded above by an absolute
constant, coinciding with our theoretical estimates.
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Table 1
E(h, τ )with different h.
h 1/4 1/12 1/16 1/32 1/50
E(h, τ ) 1.3583 1.4242 1.4788 1.4934 1.4992
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